Continuum robots present the great dexterity and compliance as dexterous manipulators to accomplish complex positioning tasks in confined anatomy during minimally invasive surgery. Tendon actuation is one of the most popular approaches, which is to insert the tendon to eccentrically go through and interact with the flexible backbone to accomplish compliant bends. However, hysteresis of tip trajectory of tendon actuated dexterous manipulators (TA-DMs) has been observed during the loading and unloading procedure, which is mainly caused by the hindered friction at discrete interactions between the actuation tendon and conduits. This paper aims to propose a general friction model to describe the interactions and friction profile at the multiple discrete contact points for tendon actuated dexterous manipulators under the history-dependent tendon tension. The friction model was integrated into the beam theory to describe the hysteresis and loading history-dependent behavior by solving the profiles of tendon force, normal force, and friction force, as well as the deflection of the dexterous manipulator. Experiments were carried out to validate the effectiveness of the proposed friction model. Results indicate that the friction model can successfully describe the discrete interaction and predict the deflection of dexterous manipulator subject to the different tendon loading histories. Furthermore, the effects of discrete friction to the tendon force propagation and the loading history-dependent behavior are discussed.
Introduction
Tendon-actuated dexterous manipulators (TA-DMs) can serve as end-effectors to provide great flexibility and maneuverability, which are widely used in a variety of fields [1] , especially for minimally invasive surgeries in the confined anatomy [2] [3] [4] [5] [6] [7] [8] [9] [10] . They can be used as catheters for ablation [3, 4] , sheaths for irrigation/ adsorption or some miniature tools [5, 6] , endoscopic surgeries [7] , or other steerable instruments [8] or robots [9, 10] . The common use of the actuation is the cable or wire as the tendon, which is inserted into the conduit to interact with the flexible body of TA-DMs to generate the deflection. Tendon interactions happen as two locations: distal tip interaction and path distributed interaction, where the former applies a point force at the fixed location, and the latter applies the distributed normal force and friction force at the conduit along the body (Fig. 1) . The path-distributed interaction can be discrete or continuous, which depends on the structure design and its application.
A typical discrete-interacted-tendon-actuated dexterous manipulator (abbreviated as a DITA-DM or DITA-DMs) ( Fig. 1) is usually composed of a central flexible backbone and several disks to provide the conduit for the actuation cable. When the proximal end of tendon is pulled or released, the force resulting from tendon interactions will be applied to all discrete disks, thereby bending or recovering the DITA-DMs. The friction from the pathdistributed interaction affects the deformation of DITA-DMs, leading to the obvious dissimilar behavior for the bending and unbending phases [11] [12] [13] . The interaction described in Fig. 1 is similar with the tendon sheath mechanism [14] , but obviously different because of the eccentric tendon location and the flexibility and deformation of the conduit-bonded body. That means that the discrete conduits will follow the deflection of the flexible body to move their poses with the increase or decrease of tendon tension. Thus, it is necessary to theoretically build a general friction model to describe discrete interactions between the tendon and the disks of DITA-DMs.
Modified Dhal friction model was integrated with a linear lumped-parameter model to investigate the nonlinear effects by Jung et al. [3] . The modified Coulomb friction was used to describe the continuous contact between the tendon and flexible manipulator by Subramani and Zinn [4] . However, these works Fig. 1 The diagram of a DITA-DM and free body diagram of the tendon at the tip and body of a DITA-DM 1 focused on the effects from the continuous interaction and did not investigate the discrete contact with the finite tendon interactions (Fig. 1) . York et al. [15] built a model of the notched wrist considering the friction at discrete corners to describe the deflection during the bending procedure successfully, but they did not evaluate the effects of friction during the unbending procedure. Kato et al. [16, 17] explored the deflection of a DITA-DM using the tendon propagation model integrated with friction to validate the shapes and hysteresis. Moses et al. [11] considered the sliding and sticking situation in the proposed mechanical model for the notched DITA-DM, which worked well for the bending phase, but underestimated the hysteresis. So it is important to investigate the effects of discrete contacts to the deflection during both the bending phase and unbending phase. In our previous work, a theoretical mechanical model was built to descript the deflection of the notched dexterous continuum robot during a loading and unloading cycle by integrating a friction model [13] . However, the repeated loading and unloading procedure always happens during the control of the dexterous manipulator in the real scenario, and how the tendon's loading history toward the discrete interactions affects the deformation is not fully investigated. Moreover, the effects of variable friction coefficients to the tendon tension, the hindered normal force, and friction force are also not disclosed. Hence, it is significant to investigate the characteristics of nonlinear friction from the discrete interaction, and develop a general model to describe the loading history-dependent behavior.
In this paper, a general friction model is proposed to describe the interactions at multiple discrete contact points, which is used to construct boundary conditions of ordinary differential equations (ODEs) from the beam theory, finally predicting the deflection of DITA-DMs under history-dependent loads. Experiments are carried out to validate the effectiveness using the proposed friction model to describe the general discrete interactions. Finally, the profiles of the tendon force, normal force, and friction force are plotted, and then the factors to affect the friction and sources of error are discussed. The contribution of this work is that a general nonlinear friction model is built to describe the discrete interactions with the loading history-dependent behavior to enable the accurate prediction of shapes and tip positions of DITA-DMs by introducing the proposed model into beam theory.
Model of Friction at Discrete Interactions
In this section, the friction at discrete interactions of DITA-DMs is modeled. First, several assumptions are made to simplify the interactions (Sec. 2.1). Second, a friction model at a single point interaction is built (Sec. 2.2). Then a friction profile is introduced ( Fig. 1 ) (Sec. 2.3). Next, the proposed friction model and the friction profile are used to construct the boundary conditions of the beam theory (Sec. 2.4). Finally, a numerical solution is implemented (Sec. 2.5).
2.1 Assumption. Without loss of generality, the following four assumptions are used to simplify the interactions between the tendon and disks. ASSUMPTION 1. The tendon interaction occurs only at the corners of disks, not the paths inside disks. Each disk except the tip and base disks is only subjected to the forces at two corners. ASSUMPTION 2. At each corner or contact point, the normal force applied to the tendon always directs to the middle of the angle between two tendon tension vectors (Fig. 1) .
ASSUMPTION 3. Friction between the tendon and each disk belongs to dry friction, with the assumption that static friction coefficient equals to the kinetic friction coefficient under the quasi-static condition. ASSUMPTION 4. Interactions at all corners of disks have the same friction coefficient.
Friction
Model at a Single Point Interaction. The tendon interacts with a DITA-DM at a variety of contact points, which slides on the corners or stick to the corners (Fig. 1) . Considering a single contact point, the friction can be static or kinetic depending on the sliding or sticking situation. An equivalent friction coefficient at the ith contact point P i as g i Á l s;k is defined, where l s;k is the friction coefficient under the Assumption 3, and g i is the adjustable coefficient. When the tendon slides on the surface of the ith contact point P i , friction is kinetic friction, where g i is þ1 or À1; while when the tendon sticks on the surface of ith contact point, friction is static friction, where g i changes within the range of [À1, 1]. Hence, the range of g i of all cases of sliding and sticking situations is [À1, 1] ( Fig. 2(a) ).
The tendon interacts with a disk at two corners ( Fig. 1) . By building the free body diagram at the tendon side of one corner, it is obvious that the disk is subject to the normal force and friction force from the tendon. The direction of normal force and friction force is determined according to the Assumption 2. The friction force f i at ith contact point P i is described as
where N i is the normal force; l i is the equivalent friction coefficient defined as
where g i defines the current situation (slide or stick) at ith contact point P i . Consider ith contact point P i at the tendon side as an object (Fig. 1 ). The force balance equations for the tendon at P i are expressed as
where b i is the angle between F i and F iþ1 . Then N i can be calculated as
Given b i , F i and F iþ1 , N i and f i can be calculated, which are also the forces applied to the disk at P i by the tendon. They will be used as the external loads to construct the boundary conditions in Eqs. (7)- (9) when solving the ODEs from the beam theory. Details can be found in Secs. 2.4 and 2.5.
Friction Profile With Loading History-Dependent
Behavior. In the real scenario, friction varies when the tendon is subjected to multiple operations. Here, one typical pulling and releasing cycle is illustrated first, and then a more general form with multiple tendon tension operations is investigated.
Take one bending and recovering cycle for example. At first, the DITA-DM keeps straight at the home position with no interaction (Table 1 -Procedure A-a). When the tendon is pulled toward the base, the tendon slides along all contact points (Fig. 2(b) ), the contact condition belongs to the positive sliding regime, where g i at all contact points are þ1 (Table 1 -Procedure A-b). When the tendon begins to release, the tendon tension is released from the base toward the tip, where the friction profile at all the contact points is changed (Fig. 2(c) ). The tendon is partly released and partly stick (R1 in Table 1 ). All contact points can be divided into three categories: one includes the points sticking to their original situation with g i as þ1; the second one includes the transition point P m (m ¼ 7); the third one includes the points sliding from the base P 0 to the transition point P m with g i asÀ1. The tendon at the transition point P m still sticks to its original position, where g i 041019-2 / Vol. 9, AUGUST 2017
Transactions of the ASME is in the range of [À1, 1] depending on the current situation (Table  1 -Procedure A-c). Finally, the value of g at all contact points are changed to À1 when the tendon is fully released. Considering the multiple operations for the tendon, there are many potential possibilities for the friction profile. A typical case with a loading history is considered-pulling, partly releasing, and then partly pulling again for example (Fig. 2 , Table 1 ). The tendon is fully pulled first (Table 1 -Procedure A-b), then partly released to mth point P m (m ¼ 7, Fig. 2 (c), Table 1 -Procedure A-c) followed by an operation to pull the tendon again to nth point P n (n ¼ 4, Fig. 2(d) , Table 1 -Procedure A-d). In the second pulling operation, the tendon partly sticks to their original situations (R2 in Table 1 ). The profile of g in Table 1 indicates a loading history with two times of tendon operations, where two transition points are shown with the adjustable coefficient g m and g n , respectively.
Shape Prediction Based on Beam Theory.
The DITA-DM in Fig. 2 is considered as a flexible beam interacted with the actuation tendon at discrete points. The normal forces and friction forces at all contact points are treated as external forces applied to the rod body. So given the friction profile and known loading history of the proximal tendon tension, the shape of the DITA-DM can be predicted by solving the differential equations from the beam theory with the boundary conditions constructed by external forces from tendon interactions.
The classical Cosserat rod theory is introduced in Ref. [18] . Recent literatures have used it to describe the deflection of DITA-DMs under the quasi-statics condition successfully [19, 20] . In this section, it will be used to solve the deflection of DITA-DMs with discrete tendon interactions including friction effects. The classic beam theory is summarized as a series of ODEs [20] _ 6) where Eq. (5) shows the rod kinematics equations, equilibrium equations, and Eq. (6) shows the constitutive laws equations. All variables are with respect to the arc length of rod and defined in the global coordinate fGg (Fig. 1) . In Eq. (5), pðsÞ and RðsÞ are the position of R 3 and orientation of SOð3Þ of the helical spring, vðsÞ and uðsÞ are the linear rate of change and the angular rate of change of the homogeneous transformation of R 3 , nðsÞ and mðsÞ are the internal force and moment of R 3 , f ðsÞ and lðsÞ are the applied force and moment distribution per unit of arc length of R 3 . In Eq. (6), K se ðsÞ is the stiffness matrix for shear and extension, while K bt ðsÞ is for bending and torsion.
Moreover, at each contact point, the DITA-DM is subjected to the resulting force of friction force and normal force originated from the interaction with actuation tendon (Fig. 1) . The resulting force equals to that of two adjacent tendon tensions, which is used to construct the external loads f e i and le i as multipoint boundary conditions at the arc location r i of the helical rod corresponding to the contact point P i . The internal force and moment at the left and right side of the arc location r i can be expressed as Fig. 2 The friction at the single point and multiple points: (a) shows the equivalent friction coefficient at the single point and (b)-(d) shows the potential profiles of friction direction at multiple points Table 1 Profile of the adjustable coefficient with the loading history-dependent behavior
where
Here, le i is the moment originated from f e i , r t is the force arm from the ith contact point P i to the arc location r i . So by numerically solving ODEs-Eq. (5) integrated with Eqs. (7)- (9) as part of the boundary conditions, the deflection of rod is derived. During the numerical solution, the inputs are the structure parameters of the dexterous manipulator, the tendon loading history at the proximal end, and the friction coefficient l s;k (calibrated using the method introduced in Ref. [13] ); the outputs are the configuration of the rod, the profiles of tendon tension, normal force, friction force, etc. Details of the numerical solution can be found in Sec. 2.5.
In this paper, a helical spring was chosen as the flexible body (Sec. 3.1), which is treated as a helical rod in Eq. (5) AðsÞ is the area of the helical spring's cross section, I xx ðsÞ and I yy ðsÞ are the second moments of area across the lateral directions of the helical rod, and I zz ðsÞ is the polar moment of inertia about the axial direction of the helical rod.
Numerical Solution.
The numerical method was adopted to solve ODEs from the beam theory in Eq. (5) by using Eqs. (7)-(9) as part of the boundary conditions. The finite difference method using the three-stage Lobatto IIIa formula was used to solve the ODEs, which were implemented using the function bvp4c in MATLAB R2013b (Mathworks, Natick, MA). Here, ODEs can be found in Eq. (5), and the boundary conditions can be treated as the multipoint boundary value problem with the boundaries at the distal tip and proximal end of the helical spring as pð0Þ, Rð0Þ, nðlÞ, and mðlÞ, as well as the body of the helical rod. pð0Þ, Rð0Þ are obtained when the global coordinates is defined (Fig. 1) ; nðlÞ and mðlÞ are zero vectors because no point loads are applied to the tip the helical rod; and the tendon interactions along the helical spring's body are treated as external forces and moments applied at the specific discrete points of the helical rod, which are introduced into the beam theory (Eq. (5)) using Eqs. (7)- (9).
The numerical solution can be found in Fig. 3 . The inputs are structure parameters, loading history of tendon tension at the proximal end. The outputs are DITA-DM's shapes, profiles of tendon tension, normal force, friction force, etc.
Experiments

Experimental Setup.
A DITA-DM with discrete contacts was used, where the compression helical spring was used as the backbone and seven aluminum disks were glued to the helical spring to provide the support for the tendon. The helical spring has the total length of 79.2 mm, the outer diameter of u5 mm, and coil diameter of u0.8 mm. Its pitch and turns within the disks are 0.8 mm and 3, while 1.2 mm and 9 for that outside disks. The detailed parameters can be found in Ref. [7] . The tendon was inserted through the conduit and interacted with each disk at two corners.
An experimental setup was built as shown in Fig. 4 . The DITA-DM was fixed to a lead screw, which can be controlled by the servomotor. The force sensor (5lb, Futek LSB200, Irvine, CA) was connected between the proximal end of the actuation tendon and the linear stage to record the actuation tension. A CMOS camera (PL-B776F, PixeLink, Gloucester, ON, Canada) was used to capture the images as required. When the servomotor was controlled to pull or release the tendon to the specific tendon force, the camera captured the images of the DITA-DM.
Tendon Actuation Experiments.
Experiment I is to compare the shapes from the bending and unbending phases, and investigate the hysteresis of tip trajectories. The one time pulling and pushing operation using stainless steel rope (OD ¼ 0.33 mm) was implemented. First, the tendon was pulled from 0 N to the maximal force 4 N and then released to home position. In this procedure, images were captured by the camera when the force reading was changed in 1 N increments/decrements during the bending and unbending phase. The whole procedure was implemented for five times.
Experiment II is to investigate the shapes of the DITA-DM with different loading histories. The loading histories were set to four patterns as 0 N!4 N, 0 N!6 N!4 N, 0 N!6 N!2 N!4 N and 0 N!6 N!3 N!4 N, respectively. They were numbered as test pattern I-IV (TP I-IV). Also, the results with TP I have Transactions of the ASME already been obtained from the Experiment I, and then the shapes and tip trajectories will be compared in Sec. 4.2.
Analysis of Results.
We aim to derive the deflection of the DITA-DM from the experiments in Sec. 3 and theoretical simulation in Sec. 2. The captured images in the experiments were digitized manually to obtain the edge points of disks, based on which two center points were obtained for each disk. Next the shape is fit by assuming the centerline as N continuous segments (N ¼ 12), one of which can be expressed using the cubic spline interpolation; therefore, the whole shape can be calculated by combining all the fitting cubic polynomials. Given the not-a-knot end conditions, the shape of the DITA-DM is solved using the function spline from MATLAB R6.13 (Mathworks).
Numerical Simulation and Experimental Results
The simulation results are obtained using the proposed friction model integrated with the beam theory from Sec. 2, and the experimental results are obtained from Sec. 3. All the results can be found below.
Shape Prediction With Different Friction Coefficient.
First, the friction coefficient between the tendon and conduit was derived using the calibration method introduced in Ref. [13] . Simulation results were compared with the experimental results by adjusting the friction coefficient, finally finding a best value with 0.36 to match the shapes between the experimental results and simulation results.
In Fig. 5 , the shapes during the bending phase are significantly different with those during the unbending phase when the same force is applied at the proximal end of tendon. During the bending phase, the mean tip error is 1.49 mm 6 0.15 mm, and the maximal error is 1.65 mm; while during the unbending phase, the mean tip error is 2.11 mm 6 0.63 mm, and the maximal error is 2.77 mm.
During the bending phase, the tendon force, normal force, and friction force increase with the tendon tension (Figs. 5(b)-5(d)), and they are larger toward the base than that toward the tip. During the unbending phase, these forces decrease first at the proximal end while the other interactions still stick to their original situations (Figs. 5(f)-5(h)) until all sticking points are released. There is no tendon tension loss from the base to the tip when the friction coefficient is zero (Fig. 6 ). Figure 6 shows no hysteresis because of no friction between the tendon and the disks. The tendon force keeps constant, compared with that in Fig. 5 affected by the friction.
Tip
Trajectories and Deflection Angles. In Fig. 7(a) , the tip trajectory during the bending phase and unbending phase with the friction coefficient as 0.36 has a deviation, which demonstrates a significant hysteresis. Also the deflection angle presents a large hysteresis (Fig. 7(b) ). The largest deviation of deflection angle for any tendon tension at the proximal end within [0 N-4 N] is about 30 deg. While tip trajectory with the friction coefficient as 
Experiments With Multiple Operations of Tendon
Tension. Figure 8(a) shows that the shapes with the tendon tension 4 N at the proximal end, whose loading histories are TP I-IV, respectively. Comparison indicates that the simulation shapes can nearly catch the experimental shapes, and the average tip error is 3.39 6 2.19 mm, which validates the simulation results with the friction model. Results show that the shape can be affected by the loading history, which renders the different tendon tension profile (Fig. 8(b) ), normal force profile (Fig. 8(c) ) and friction force profile ( Fig. 8(d) ). Moreover, according to the bending amplitude, the shapes can be sequenced from the large to small order as TP II, TP IV, TP III, TP I. 
Discussion
Tendon Force Propagation.
Comparing the results between Figs. 5 and 6 during the bending phase, it is found that when the friction coefficient is smaller, the tendon tension at the proximate end can transmit more force to the distal end. During the unbending phase, the friction force at the proximal end will change its direction first as illustrated in Sec. 2, so the tendon Transactions of the ASME force will decrease first at the proximal end, then extending to the distal end. Hence, it is the friction originated from the normal force, that affects the transmission of tendon force, and the resulting force to the body of DITA-DM, therefore resulting in the dissimilar shape for the bending and unbending shapes. Also, the results without friction force in Fig. 6 indicate no hysteresis, because no friction affects the tendon propagation, therefore the deflections.
5.2 Loading History-Dependent Behavior. As shown in Fig. 8 , the profiles for normal force and friction force are different, which will affect the profile of tendon tension, therefore the shapes of the DITA-DM. In Figs. 8(b) and 8(c) , the absolute value of normal force or friction force at each contact point can be sequenced as TP II, TP IV, TP III, TP I from the large to small scale, although with the same proximal tendon tension. That means the loading history of tendon tension affects the tendon propagation along the tendon path, which originated from the resulting force's change of the normal force and friction force. (1) The assumption that the static coefficient equals to the kinetic coefficient is not perfect. Also, the stick-slip phenomenon for the contact pairs is ignored. (2) Assumption 3 in Sec. 2.1 is not applicable in the real scenario, because the contact condition at corners may be not the same due to the fabrication of support disks. (3) The assembly of helical spring and support disks is not perfect. It will affect the length of helical spring within two adjacent disks, resulting in the inconsistent bending segment.
Conclusions
This paper proposed a general friction model to describe the discrete interactions under the history-dependent loads. By integrating the friction model with the beam theory as the boundary conditions, the deflection of DITA-DMs with history-dependent behavior was predicted successfully. This model also shows the potential to describe the discrete interaction between the actuation tendon and dexterous manipulator with any other backbones or supporting disks (conduits) with variable sizes or locations.
Experiments were carried out to validate the feasibility of the proposed friction model, and also the simulation results explained the nonlinear characteristics and hysteresis, and revealed the profiles of the hindered tendon tension, normal force, and friction force. In future, the model will be integrated with the control strategy to compensate the hysteresis, finally accomplishing the accurate positioning to the targets.
